Abstract Based on an optimal estimate of the convergence rate of the second order norm, an improved error estimate for extraordinary Catmull-Clark subdivision surface (CCSS) patches is proposed. If the valence of the extraordinary vertex of an extraordinary CCSS patch is even, a tighter error bound and, consequently, a more precise subdivision depth for a given error tolerance, can be obtained. Furthermore, examples of adaptive subdivision illustrate the practicability of the error estimation approach.
Introduction
The Catmull-Clark subdivision surface (CCSS) was designed to generalize the bicubic B-spline surface to the meshes of arbitrary topology [1] . Because a CCSS is defined as the limit of a sequence of recursively subdivided control meshes, the control mesh after several steps of subdivision is often used to approximate the limit surface in applications such as surface rendering, surface trimming, and surface/surface intersection. It is natural to ask the following questions: How does one estimate the error (distance) between a CCSS and its control mesh? How many (as small as possible) steps of subdivision are needed to satisfy a user-specified error tolerance? Because of the exponential growth in the numbers of mesh faces with successive subdivisions, one more or less step may make a great difference in mesh density. Also, precise subdivision depth (step) estimation relies on an accurate error estimate.
Optimum distance estimation techniques for regular CCSS patches are available [4, 8] . Distance estimation for an extraordinary CCSS patch is more complicated. Cheng et al. estimated the distance by measuring norms of the first order differences of the control points of the given extraordinary CCSS patch [4] . Then they improved the estimate by measuring norms of the second order differences of the control points [3] . Furthermore, they introduced a matrix based technique and the two-step convergence rate of second order norms [2] . If the valence of an extraordinary CCSS patch is odd, or even and lower than 8, the technique in [2] gives a better estimate than [3] . But if the valence is even and higher than 6, [2] may derive improper results (see Table 1 ) and even worse results than [3] (see Tables 2 and 3) .
The key in the approach from Cheng et al. [2, 3] is the recurrence formula of the second order norm. Is their estimate for the convergence rate of the second order norm is optimum for extraordinary CCSS patches? And how can we deal with the extraordinary CCSS patches with high even valences?
In this paper we tackle these problems with an optimization method. The optimal convergence rate of the second order norm can be evaluated by solving constrained minimization problems. Consequently, we find that Cheng and coworkers' estimate for the convergence rate of the second order norm is optimum for odd extraordinary CCSS patches, but not for even ones. We also derive a general error bound formula and show that for an extraordinary CCSS patch with an extraordinary ver-tex of even valence, the optimal convergence rate leads to a sharper distance bound and a smaller subdivision depth. As an application, adaptive subdivision is investigated to explain the applicability of our error estimation technique.
Definition and notation
Without loss of generality, we assume the initial control mesh has been subdivided at least twice, isolating the extraordinary vertices so that each face is a quadrilateral and contains at most one extraordinary vertex. Then the valence of an extraordinary patch is defined as the valence of its only extraordinary vertex. Particularly, the valence of a regular patch is 4.
Distance between patch and control mesh
Given a control mesh of a Catmull-Clark subdivision surface, for each interior face F, there is a corresponding surface patch S in the limit surface. S can be parameterized over the unit square
Let F(u, v) be the bilinear parameterization of F over Ω. For (u, v) ∈ Ω, we denote S(u, v) − F(u, v) as the distance between the points S(u, v) and F(u, v). The distance between a CCSS patch S and the corresponding mesh face F is defined as the maximum distance between S(u, v) and F(u, v) [4] , that is,
which is also called the distance between the patch S and the control mesh.
Second order norm
Let Π = {P i : i = 1, 2, . . . , 2n + 8}, be the control mesh of an extraordinary patch S = S 0 0 , with P 1 being the extraordinary vertex of valence n. The control points are ordered following Stam's fashion [9] (Fig. 1a) .
The second order norm of Π, denoted M = M 0 = M 0 0 , is defined as the maximum norm of the following 2n + 10 second order differences (SODs) {α i : i = 1, . . . , 2n + 10} of the control points [3]:
By performing a Catmull-Clark subdivision step on Π, one gets 2n + 17 new vertices P 1 i , i = 1, . . . , 2n + 17 (see Fig. 1b ), which are called the level-1 control points of S. All these level-1 control points compose the level-1 control mesh of S : Π 1 = {P 1 i : i = 1, 2, . . . , 2n + 17}. We use P k i and Π k to represent the level-k control points and level-k control mesh of S, respectively, after applying k subdivision steps to Π. 
